Neutron reflectometry analysis is an inherently ill-posed, which is to say that there are many possible solutions which agree equally well with the measured data. This leads to the application of modeldependent analysis, where information that we know about the system is integrated into our analysis. This tutorial briefly covers the mathematics underlying the use of model-dependent analysis in neutron reflectometry.
Introduction
The aim of model-dependent neutron reflectometry analysis is to create a model that accurately reproduces the collected data. 2 The 2 M. R. Lovell and R. M. Richardson. Curr. Opin. Colloid Interface Sci., 4(3): 197-204, 1999. doi: 10 .1016/S1359-0294(99) collected data (once normalised) is described in terms of reflected intensity, R(q), which depends on the wavevector, q, and is measured as, R(q) = specular reflected neutron intensity at q incident neutron intensity ,
where the denominator in Equation 1 is the total neutron flux on the sample. It is this R(q) that we want to calculate from some model and compare with our data. By applying the Born approximation, 3 that there is only a sin-3 M. Born. Z. Physik, 38:803âȂŞ827, 1926 
where, ρ (z) is the first derivative of the scattering length density profile. 5 However, this kinematic approach has a significant prob-5 The scattering length density profile is our model. lem, which can be demonstrated by considering a the simple case of a bare silicon substrate, which can be modelled with a Heaviside function, shown in Figure 1(a) ,
where, ρ Si = 2.074 × 10 −6 Å −2 . The first derivative of a Heaviside function is a scaled δ-function, shown in Figure 1 
Then, using Equation 2, we can calculate the reflected intensity with respect to q,
This reflectometry profile is shown in Figure 1 (c), where it is clear that the agreement with the experimental profile would be poor as q → 0. 6 For low values of q, the model reflectometry from this simple neutron reflectometry analysis: using model-dependent methods 3 native method for calculating the reflected intensity from a model and involves describing the system as a series of layers of different scattering length density. The neutrons can be either reflected or refracted at the interface between each of the layers. the refraction and reflections from a simple two layer system, where layer 0 is a vacuum above the sample. It is clear how the two waves, labelled r, could interfere constructively or destructively depending on the thickness of layer 1, d.
The generalisation of this approach to any number of layers is possible and enables the reflected intensity to be calculated at each value of q that was measured. The incident neutrons will be refracted by each of the layers, giving wavevectors for each layer, k n ,
where, k 0 = 0.5q. The Fresnel equation coefficient between layers n and n + 1, r n,n+1 i, can then be found along with the phase factor, β n , for the layer n,
β n = k n d n .
From the Fresnel equation coefficient and phase factor, the characteristic matrix for each layer, M n , can be constructed,
and the resultant matrix B is found from the product sum of the matrices from each layer,
The final model reflected intensity at a given value of q is found from the following elements of the resultant matrix,
This algorithm models the layers as perfectly flat layers, which will not be strictly true. This has resulted in the use of correction terms to be added to Equation 7 to account for this roughness. The most common of these is Névot and Croce Gaussian broadening, 11 in which the Fresnel equation coefficient is evaluated as,
where, σ n,n+1 is the interfacial roughness between the layers n and n + 1. Applying this dynamical approach is shown in Figure 3 , where there is a clear difference between the kinematic and dynamical approaches as q → 0, with the dynamical approach adhering to the physical constraint that causes the breakdown of the kinematic approach. Global optimisation
The recursive method described above gives an accurate method to obtain a model reflected intensity. However, this is just the first step in the analysis of a neutron reflectometry dataset. Now we are interested in optimising our model such that the reflected intensity from it matches our experimental data as best as possible. This is the problem of parameter optimisation, which is a broad area of mathematics and computer science that we will not dwell on here. 12 However, 12 There are whole journals dedicated to the subject, see SIAM Journal on Optimization or Journal of Global Optimization.
we will introduce the basics of optimisation and mention the most common global optimisation method applied in reflectometry. When we measure a reflectometry profile, we measure the reflected intensity (and some uncertainty in that measurement) at neutron reflectometry analysis: using model-dependent methods 5 discrete points in the wavevector, R(q) ± δR(q). Using the recursive method discussed above, we can calculate the model reflected intensity at these same q values, R m (q). We then aim to reduce the difference between the measured and modelled reflected intensity through the optimisation (maximisation) of the likelihood L,
This parameter describes the probability that the model m accurately describes the observed reflectometry data. The aim in reflectometry fitting is to obtain model reflectometry at has the maximum likelihood possible for the given experimental data. Figure 4 shows the maximum likelihood model for some experimental data, in addition to another model which doesn't agree well with the data and has a lower likelihood as a result. The global optimisation of a reflectometry model is a particularly difficult problem, this is due to the ill-posed nature of this data, this is where there are many reasonable solutions to a particular reflectometry profile. 13 However, a particular global optimisation consists of two vectors, the parent population p, and the offspring population, o. These vectors are of shape (i × j), where i is the number of parameters in the model and j is the number of candidate solutions being considered. The offspring population is generated as a result of some trail method. 18 18 Here we will only discuss a simple classical trail method, however, many of these exist.
A classical trail method consists of two stages, mutation and recombination. The mutation stage involves the creation of a mutant population, m. The magnitude of the mutation is dependent on the first of our hyperparameters, the mutation constant, k m ,
where b is the candidate solution with the greatest likelihood, and p i,R1 and p i,R2 are randomly chosen members of the parent population. The mutation constant hyperparameter controls the size of the search space, with a large k m corresponding to a wider search. The recombination step creates the offspring population vector by taking a sample from either the parent or mutant population with some frequency, which depends on our second hyperparameter, the recombination constant, k r ,
where, X is a random number selected from a uniform distribution between 0 and 1. The recombination constant hyperparameter controls the mutation frequency in the offspring population. The final stage is to compare the offspring and parent population vectors, in the selection stage, to create the parent population for the next iteration. Here, the likelihood is used to compare between subunits from the offspring or parent populations,
where, the * , j subscript notation indicates all objects from the population, j.
The differential evolution algorithm can be seen in action applied to the negative two-dimensional Ackley function, 19 in Figure 5 This function can maximise the value of the negative Ackley function. While this does not offer a clear example of this algorithm's application to reflectometry analysis, the popularity of this method in the fitting of reflectometry profiles cannot be denied. 
Uncertainty sampling
Reflectometry measurements offer an average description of the out of place structure of a material. This means that it is pragmatic to describe the uncertainties in the values of our model parameters in some fashion. This is often performed using Markov-chain Monte Carlo (MCMC), which is a methodology used to sample the posterior probability distribution for each of our parameters. 22 Typically, MCMC is used on already optimised solutions to a particular problem, is in reflectometry analysis it is usually applied after the differential evolution has optimised the structure. In addition to being able Figure 5 : An example of a differential evolution algorithm applied to the negative of an Ackely function. In this implementation k m = 0.5 and k r = 0.5. Each line represents a different candidate solution. The optimisation was stopped after 100 iterations had run.
to quantify the inverse uncertainties, 23 Once an optimised set of model parameters, θ, are obtained which maximise the likelihood, L, some random perturbation is applied,
where R is some normally distributed number centered on 0 with a standard distribution of 1 and a is the step size. A new L is found for Θ and the probability that this transition is will occur is found,
This probability is then compared with a uniformly distributed random number from 0 to 1, n,
This process is repeated until some desired number of samples has been obtained. It should be noted that it is important to allow the Markov chains to have some "burn-in" period, which is not included in the final samples. This allows the MCMC algorithm to settle into the search-space. Figure 6 shows the result of an MCMC sampling for a pair of overlapping Gaussian functions, performed using the emcee Python package. 25 The posterior probability distributions that are available to each of the four parameters are shown along with the data, the optimised fit and a subset of models within the posterior distributions. All of the samples from the posterior distributions fit within the uncertainty error bars on the data. This shows the ability for MCMC to sample the range of the distribution that is allowed by the experimental uncertainty. 
Conclusions
The aim of this document was to give an introduction to some of the mathematical concepts that underpin modern reflectometry model-dependent analysis. We have looked at how reflectometry neutron reflectometry analysis: using model-dependent methods 9 is calculated from a layer model description of the scattering length density profile, and why the kinematic approach fails. Then we have discussed the importance of the differential evolution algorithm in reflectometry analysis and detailed the operation of this algorithm. Finally, Markov-chain Monte Carlo was introduced in the context of uncertainty quantification for model-dependent analysis, with particular importance for reflectivity discussed. While not exhaustive, I hope that this document will give you the confidence in understanding to look in more detail into how the analysis of reflectometry measurements are performed.
